For each nonsingular hyperelliptic curve of arbitrary genus with a rational Weierstrass point, we construct explicitly a natural map from the Galois cohomology of 2-torsion points of the Jacobian variety of the curve to the set of projective equivalence classes of nonsingular complete intersections of two quadrics. We also investigate a necessary condition for an element in the Galois cohomology to be in the image of a rational point of the Jacobian variety. This gives a generalization of the results of Flynn and Skorobogatov.
Introduction
Flynn and Skorobogatov constructed maps from the Galois cohomology of 2-torsion points of Jacobian varieties of nonsingular hyperelliptic curves of genus 2 with rational Weierstrass points to the set of isomorphism classes of del Pezzo surfaces of degree 4 (see [Flynn] , [Skor2] ). They also proved that the images of the maps for all such curves cover the whole set of isomorphism classes of del Pezzo surfaces of degree 4, and characterized the images of the trivial elements. In this paper, we generalize these results to nonsingular hyperelliptic curves of arbitrary genus with rational Weierstrass points. We use the methods of Wood ( [Wood, §5] ).
Let k be a field of characteristic not equal to 2 with separable closure k s , and G k := Gal(k s /k) the absolute Galois group. A separable polynomial f (t) of odd degree n = 2m + 1 ≥ 3 with coefficients in k defines anétale k-algebra L := k[t]/ (f (t)) of dimension 2m + 1, and a nonsingular projective hyperelliptic curve C over k of genus m whose affine model is given by the equation
Let J C be the Jacobian variety of C. The group of 2-torsion points J C [2](k s ) is isomorphic to the group of k s -valued points of a group scheme
as G k -modules, where Res L/k denotes Weil restriction and
denotes the diagonal embedding. Since the short exact sequence
is split, we have isomorphisms
The main goal of this paper is the following theorem:
Theorem 0.1 (See Proposition 2.1 and Theorem 2.8). Let m ≥ 1 be a positive integer, and k a field of characteristic not equal to 2. We put n = 2m + 1, and assume #k ≥ n.
(i) Let C be a nonsingular projective hyperelliptic curve of genus m defined over k whose affine model is given by y 2 = f (t) where f (t) ∈ k[t] is a separable polynomial of degree n = 2m + 1. Let ciq n be the set of projective equivalence classes of nonsingular polarized complete intersections of two quadrics in P n−1 k over k. Then, there exists a natural map
such that i C (0) is a variety containing a linear k-subvariety isomorphic to P m−1 k (we call it quasi-split).
(ii) Conversely, for a quasi-split variety X, there exists a nonsingular projective hyperelliptic curve C of genus m defined over k with a rational Weierstrass point such that i C (0) = [X] . (iii) Moreover, for any projective equivalence class [X] of nonsingular polarized complete intersection X of two quadrics in P n−1 k over k, there exists a nonsingular projective hyperelliptic curve C of genus m defined over k with a rational Weierstrass point and η ∈ H 1 (G k , J C [2]) such that i C (η) = [X].
Remark 0.2. We also determine the fiber i Recall that we have the following short exact sequence
It is a natural and interesting question to ask which elements in ciq n come from k-rational points of the Jacobian variety J C . On the other hand, the map i C is not injective in general. Moreover, it is easy to find two curves C, C ′ over k which are not k-isomorphic but define the same class [X] ∈ ciq n such that [X] is in the image of i C • δ, but not in the image of i C ′ • δ. Therefore it seems difficult to determine the image of i C • δ exactly. The following theorem gives a necessary condition for an element in ciq n to come from a k-rational point of J C .
Theorem 0.3 (see Theorem 2.10). For a k-rational point P ∈ J C (k), we put i C (δ(P )) = [X] . Then, the variety X contains a linear k-subvariety isomorphic to
Note that Theorem 0.3 is not a sufficirnt condition. When n = 5, Theorem 0.1 and Theorem 0.3 are proved by Flynn and Skorobogatov ([Flynn] , [Skor2] ). Flynn used his result to construct nontrivial elements for the Shafarevich-Tate group of the Jacobian of hyperelliptic curve of genus 2. We give a different proof of their results when n = 5. We use the method of Wood [Wood, §5] relating elements in ciq n and monogenicétale algebras.
In Section 1, we define ciq n and other sets orb n , gc n , and hec n . Then we construct explicit bijections between them. In Section 2, we define the map i C using the bijections in Section 1, and show Theorems 0.1, 0.3. In Section 3, we give examples of low genus and compare our results with Skorobogatov's results.
Notation
In this paper, we fix a field k of characteristic not equal to 2 and its algebraic closure k. Denote the separable closure of k in k by k s , and the absolute Galois group by
Let m ≥ 1 be a positive integer and n = 2m + 1. We assume #k ≥ n. We need this assumption only to construct a map orb n → gc n in Section 1.2. We use the following notation: V an n-dimensional k-vector space, {v i } 0≤i≤n−1 a basis of V, W a two-dimensional k-vector space, {w i } i=0,1 a basis of W. Also we use V * (resp. W * ) for the dual space of V (resp. W ), and {v * i } (resp. {w * i }) for the dual basis with respect to {v i } (resp. {w i }).
For r ≥ 2, we denote by Sym r V the r-ic symmetric subspace of r V , and Sym r V the r-ic symmetric quotient of r V . We use similar notation for the alternating subspace ∧ r V and the alternating quotient space ∧ r V. When we say L is a k-algebra of degree n, we mean L is a commutative k-algebra whose dimension is n as a k-vector space. Two subvarieties X, Y of P n k are said to be projectively equivalent if there is an automorphism P n k
1 Definition of ciq n , orb n , gc n , and hec n In this section, we will define four sets, ciq n , orb n , gc n , and hec n , and construct bijections between them. To describe the main results, we only need to define two sets, the projective equivalence classes of polarized complete intersections of two quadrics ciq n and a set related to hyperelliptic curves and Galois cohomology. But we use mainly the third set gc n , which is defined in terms ofétale k-algebras, and relatively easy to describe and compute.
1.1 Definition and relation of geometric objects ciq n and orbital objects orb n Before discussion, we recall some definitions from [Reid] . Let V be an n-dimensional kvector space. Fix a two-dimensional subspace W of the space of quadratic forms Sym 2 V * , which we call a pencil of quadratic forms. Each quadratic form defines a quadric in P(V ), so W defines a pencil of quadrics. We identify them and abuse the notation.
For a quadratic form Q ∈ Sym 2 V * , we define the degeneracy as dim k ker(Q :
Definition 1.1. (a) A pencil of quadratic forms W ⊂ Sym 2 V * is called nonsingular if it satisfies the following two conditions: (i) the degeneracy of a quadratic form Q ∈ W ⊗ k k is at most one,
The following theorem from [Reid] says that two quadrics which intersect completely and smoothly can be identified with a basis of a nonsingular pencil of quadratic forms.
* a pencil of quadrics in P(V ), and X :
Then the following conditions are equivalent:
(a) X is nonsingular and codimension two in P(V ) (this means X is a nonsingular complete intersection of two quadrics over k). (b) The pencil W is nonsingular in the sense of Definition 1.1.
If one considers over k = k s , these conditions are equivalent to another condition: for any basis {w 0 , w 1 } of W such that w 0 is a nondegenerate quadratic form on V , there exists a basis {v i } of V and
and λ i = λ j for i = j. Furthermore, the basis {v i } is unique up to permutation and change of signs in front of the v i . Definition 1.3. We define ciq n as the set of projective equivalence classes of nonsingular polarized complete intersections of two quadrics over k in P(V ). Here, the polarization of X means the embedding X ֒→ P(V ).
Remark 1.4. Let X be a nonsingular complete intersection of two quadrics over k in P n−1 k . If n = 5, X is a del Pezzo surface of degree four, and the embedding X ֒→ P 4 k is the canonical embedding. Hence, two del Pezzo surfaces of degree four X, X ′ are projective equivalent if and only if X, X ′ are k-isomorphic. If n ≥ 7, the same conclusion is obtained from the fact that Pic(X) = Z. So if n ≥ 5, the set ciq n coincides with the set of isomorphism classes of nonsingular complete intersections of two quadrics.
But when n = 3, this is not true: the elements of ciq 3 are four points subschemes of P 2 k .
Let X be a nonsingular complete intersection of two quadrics in P(V ). Then the subspace W of Sym 2 V * defined by 
Hence all elements in a projective equivalence class of W defines varieties isomorphic to X and the polarization X ֒→ P(V ). These two maps are inverses of each other.
Furthermore, the set of projective equivalence classes of nonsingular pencils of quadratic forms can be identified with another set. Let us consider the space of pairs of quadratic forms
This space has a natural GL 2 (k) × GL n (k)-action. Note that if A, B ∈ Sym 2 k n are linearly independent, the GL 2 (k)-orbit of (A, B) ∈ k 2 ⊗ Sym 2 k n can be identified with the two-dimensional subspace W ⊂ Sym 2 k n generated by A and B, and the GL n (k)-orbit of W can be identified with the projective equivalence class of W. Any pencils of quadratic forms are projectively equivalent to a pencil in Sym 2 k n .
We say a GL 2 (k) × GL n (k)-orbit of (A, B) ∈ k 2 ⊗ Sym 2 k n is stable when its determinant form has nonzero discriminant. Definition 1.5. We define orb n as the set of stable
The stability is equivalent to the non-singularity of the pencil of quadratic forms W ⊂ Sym 2 k n . So the set of projective equivalence classes of nonsingular pencils of quadratic forms can be identified with orb n .
Consequently, we construct the following bijections:
Next, we discuss the characteristic schemes. Recall that closed subschemes S ⊂ P(W ) and
n is the projective equivalence class of the subscheme of P 1 where the determinant form vanishes. The characteristic scheme of a pencil W is the projective equivalence class of the subscheme of P(W ) where the determinant form det ∈ Sym n W * ⊗(∧ n V * ) ⊗2 vanishes.
Strictly speaking, both characteristic schemes are not schemes, but projective equivalence classes of subschemes of P 1 k . It is easy to see that the bijections (1) preserve the characteristic schemes.
Definition of algebraic objects gc n and their relation to orb n
In this subsection, we define the third set gc n and discuss its relation to the set orb n . The definition of gc n is inspired by the results of Wood ( [Wood, §5] ). Definition 1.7. Let us consider triples (L, θ, α) satisfying the following properties:
We define gc n as the set of equivalence classes of triples (L, θ, α) as above.
This equivalence relation can be separated into a combination of two equivalence relations: Möbius transformation of the generator θ
A Möbius transformation changes the representation of α as a polynomial of the generator θ, while an isomorphism of k-algebras does not. We note that
because n is odd.
Now we shall construct a bijection between orb n and gc n . First, we construct a map orb n → gc n . In fact, this step is the hardest part of the construction of i C . Take an element W ∈ orb n and fix a representative (w 0 , w 1 ) ∈ k 2 ⊗ Sym 2 k n of W such that w 0 is a nondegenerate quadratic form on V = k n (in this choice, we use the assumption #k ≥ n).
The space w −1 0 W ⊂ End V is a two-dimensional k-vector space, and
Proof. Write the characteristic polynomial of θ ∈ End V as P θ (t) := det (t − θ; V ). By definition,
has nonzero discriminant by Proposition 1.2, P θ (t) is a separable polynomial and the minimal polynomial of θ coincides with P θ (t). Hence, we see
and it is anétale k-algebra of degree n. 
Hence V is a free L W -module of rank one.
From Lemma 1.8, we fix an
Recall that the characteristic of k is different from 2. We identify quadratic forms on a k-vector space and symmetric bilinear forms on it. In particular, each element of W (resp. W ) defines a symmetric bilinear form on L W (resp. V ).
Because θ = w −1 0 • w 1 and we can write w = bw 0 + aw 1 , we obtain
Now the assertion of this lemma follows from the fact that w 0 , w 1 ∈ W ⊂ Sym 2 V * define symmetric bilinear forms on V.
The next lemma shows that all elements in W come from some elements of L * W .
Lemma 1.10.
2. Via the isomorphism of (1), we consider W as an L W -module. Then W is a free L W -module of rank one, and
The inverse of this isomorphism of L W -modules is exactly D. This proves the first assertion of Lemma 1.10. In order to prove the second assertion, we choose a k s -basis of
Then we can check
and L W ⊗ k k s coincides with the subspace of all elements in End(L W ⊗ k s ) having diagonal matrix representation with respect to the k s -basis {e i }. Since {θ i } 0≤i≤n−1 are distinct, the condition (2) says all q ∈ W ⊗ k k s have diagonal matrix representation with respect to the basis {e i }. This shows W ⊗ k s is a free L W ⊗ k k smodule of rank one generated by w 0 . Taking the Galois invariant subspaces, we prove the second assertion of Lemma 1.10.
To summarize, we obtain the following diagram:
As the final step of the construction of the map orb n → gc n , we shall define
W . In our condition, the k-algebra L W has the k-basis {θ i } 0≤i≤n−1 . Let {θ * i } 0≤i≤n−1 be the dual basis of {θ i }, and put
It is a nondegenerate quadratic form on L W because the matrix representation of t θ with respect to the basis
By Lemma 1.10, for each w ∈ W, there exists a unique element α w,θ ∈ L W such that w = α w,θ · t θ . Since w 0 is nondegenerate, we obtain α ∈ L × W satisfying w 0 = α · t θ . This α is what we need.
In the construction of the map orb n → gc n as above, we have fixed two data: (i) a k-frame (i.e. ordered basis) {w 0 , w 1 } of W , and
Hence α is multiplied by an element of L ×2 W . To see the effects of a change of k-frame, we need another lemma. Recall again the trace form of anétale algebra is nondegenerate.
Lemma 1.11 ([Ser, III.6, Lemma 2]).
Let Tr L W /k , NL W /k be the trace map and norm map from L W to k, and
the characteristic polynomial of θ. Then, we have
for all x ∈ L W , where P ′ θ (t) ∈ k[t] denotes the derivative of P θ (t). Corollary 1.12. Let θ ′ be another generator of L W as a k-algebra. Then, we obtain
Proof.
If we change the k-frame of W to {dw 0 + cw 1 , bw 0 + aw 1 } (and assume that dw 0 + cw 1 is nondegenerate), we see that θ changes to
Moreover, it is straightforward to see that
because n is odd. By (3), α is well-defined up to k × L
×2
W . Now the well-definedness of our map orb n → gc n is established.
The construction of the inverse map gc n → orb n is easy; we send
Via an isomorphism L ∼ → k n as k-vector spaces, we obtain an element in orb n . Let us check the well-definedness. A change α → aα (a ∈ k × ) does not affect the k-vector spaces L and the two-dimensional subspace kα
absorbs its effects. An argument similar to (4) shows a change θ → aθ + b cθ + d does not affect.
Hence this map is well
We have to check these maps are inverses of each other. First, we compare W = (w 0 , w 1 ) and (α · t θ , αθ · t θ ) obtained by the composition orb n → gc n → orb n . But an isomorphism as L W -modules γ : L W ∼ → V gives an isomorphism between (w 0 , w 1 ) and (α · t θ , αθ · t θ ). Conversely, we take (L, θ, α) ∈ gc n . Because (α · t θ ) −1 • (αθ · t θ ) = θ ∈ End L, we recover L and the class of θ.
In conclusion, we constructed the following bijection:
Finally, we discuss the characteristic schemes.
Definition 1.13. The characteristic scheme of a triple (L, θ, α) ∈ gc n is the projective equivalence class of the subscheme of P 1 k defined by the characteristic polynomial
The projective equivalence between the characteristic schemes of orb n and gc n is given by w 0 . It is easy to see that the bijection orb n ∼ → gc n preserves the characteristic schemes.
Definition of hec n and its relation to gc n
In this subsection, we define a set hec n and construct a bijection between gc n and hec n preserving characteristic schemes. To do this, we observe an isomorphism between the Jacobian of a hyperelliptic curve and a group scheme related to gc n , and some data determining the isomorphism between them.
Recall that m ≥ 1 is a positive integer and n = 2m+1. Let P be a k-rational point of P 1 k . Take a nonsingular projective hyperelliptic curve C over k of genus m with a hyperelliptic involution ι C : C → C. The involution induces a morphism π : C → P 1 k . We assume there exists a k-rational point P ∈ C(k) such that ι C ( P ) = P , and π( P ) = P (i.e. P is a Weierstrass point of C). This is equivalent to say π is ramified at P ∈ P 1 k (k). Let T C be the an (n + 1)-points k-subscheme of P 1 k where the quotient morphism π is ramified. This scheme T C ⊂ P 1 k is a disjoint union of the k-rational point P and an n-points subscheme S C (i.e. T = {P } ⊔ S C ). Then the coordinate ring
When we take a basis {1, t} of f (t) ). On the other hand, by the inclusion
If we write the image of t as θ, the characteristic polynomial of θ coincides with f (t). On this step, we have the following isomorphism:
. Let J C be the Jacobian variety of C, and J C [2] the group scheme of 2-torsion points on J C . Then there exists an isomorphism of group schemes over k : which depends on C and its hyperelliptic equation:
From the long exact sequence of Galois cohomology, we obtain isomorphisms;
where the second isomorphism is given by Kummer theory, and the fact that n is odd. Now we define the set hec n related to hyperelliptic curves.
Definition 1.15. Let us consider the following triple:
• C is a nonsingular projective hyperelliptic curve over k of genus m,
We say two such triples (C, P, η), (C ′ , P ′ , η ′ ) are equivalent if the following conditions hold: (i) there is an automorphism Φ :
(ii) η is mapped to η ′ through the following isomorphisms (see Proposition 1.14) :
where φ is induced by Φ| S C . We define hec n as the set of equivalence classes of triples as above. The characteristic scheme of the triple (C, P, η) is the projective equivalence class of S C ⊂ P 1 k .
Now we shall construct a bijection between gc n and hec n preserving characteristic schemes.
First, we take a representative (C, P, η) ∈ hec n . The way to get the corresponding element (L, θ, α) ∈ gc n is already explained in the beginning of this subsection. The algebra
, we define θ as the image of t by the restriction map
. And we take a hyperelliptic equation y 2 = f (t) of C, which gives the isomorphism w C in Proposition 1.14. Then we
. We must check the well-definedness of this map. First, we define an isomorphism (rather than equivalence) between triples (C, P, η),
whose inducing morphisms send P to P ′ , and η to η ′ . We must show the above map is well-defined as a map from the set of equivalent classes of triples to gc n . It is enough to consider the following two cases:
• Fix C and P , but change the basis {1, t} to {1, at + b} (a ∈ k × , b ∈ k).
• Change the polynomial f (t) to a 2 f (t) for some a ∈ k × .
All of these changes do not affect L. Changes of second kind also do not affect θ, while those of first kind affect θ as Möbius transformations. So it suffices to show that these changes do not affect α.
To do this, we recall the definition of
We put
For any R ∈ J C [2](k s ), we define w C (R) explicitly as
where ∆ is the diagonal embedding, and e 2 is the Weil pairing for 2-torsion subgroup. From this description, we see that the two changes do not affect w C , and therefore α. Now what remains to show is as follows. Take two equivalent non-isomorphic triples (C, P, η) and (C ′ , P ′ , η ′ ), and assume S C = S ′ C in P 1 k . Do these triples correspond to the same element in gc n ?
Since
Only the possible difference is θ and θ ′ . It is easy to see that θ ′ is a Möbius transformation of θ. Hence hec n → gc n is well-defined.
Second, we take (L, θ, α) ∈ gc n . Let P θ (t) be the characteristic polynomial of θ. We put C : y 2 = P θ (t), P = {∞}, and η corresponds to α via w C . Again we must check the well-definedness of this map.
Recall the equivalence relation defining gc n . It is a combination of transformations of
A transformation of first kind induces an isomorphism C ∼ → C ′ which maps P to P ′ , and η to η ′ . So we may consider only a transformation of second kind. But in this case, an automorphism
This shows the well-definedness of a map gc n → hec n . It is straightforward to see that these two maps are inverses of each other.
The required property that the maps preserve characteristic schemes is clear from our construction. In conclusion, we have constructed a bijection: gc n = equivalence classes of (L, θ, α) ∼ ↔ equivalence classes of (C, P, η) = hec n (7) preserving characteristic schemes.
) → hec n is not injective in general. Let us show the following example.
Take C : y 2 = t 5 − 1 over k = Q(ζ 5 ), where ζ 5 is a primitive fifth root of unity in Q.
And we can find α ∈ L
Since two triples (L C , θ, α) and (L C , θ, φ(α)) are equivalent, they define the same element in hec 5 . We can determine the fiber of this map in Section 2.
(ii) Note that two triples (C, P, η), (C ′ , P ′ , η ′ ) can be equivalent in the sense of Definition 1.15 even if C, C ′ are not k-isomorphic (e.g. y 2 = t 5 − 1 and y 2 = (t + 1)
Definition of the map i C and the proof of the main theorem
Now we shall define the map i C in our main theorem (Theorem 0.1). Let f (t) ∈ k[t] be a separable polynomial of degree n, and C a nonsingular hyperelliptic curve over k which has an affine model y 2 = f (t). Let P = ∞ ∈ P 1 k be the point at infinity. Put
where [X] denotes the projective equivalence class of nonsingular polarized complete intersection of two quadrics over k corresponding to (C, P, η). Recall that the isomorphism in Proposition 1.14 depends on the choice of P, or θ. The following proposition determine the image of i C .
Proposition 2.1. The image of i C consists of all elements [X] ∈ ciq n whose characteristic scheme is projectively equivalent to S C .
Proof. This follows from the results in the previous section because our bijections preserve the characteristic schemes.
The map i C in Theorem 0.1 is not injective in general (see Example 1.16 (i)). We say θ ′ ∈ L are conjugate to θ over k if they have the same characteristic polynomial over k.
The following proposition determines the fiber of i C .
Proposition 2.2. Take [X] ∈ ciq n , and let (L, θ, α) be the triple corresponding to [X] . Let us write α as
We put Aut L,θ := {A ∈ GL 2 (k) | A · θ is conjugate to θ over k} .
Then the fiber i −1
Proof. We can define a map
→ gc n which makes the following diagram commute:
Since the vertical arrows are bijective, we may consider the map j C .
→ L which maps α to β and θ to a Möbius transformation A · θ for some A ∈ GL 2 (k). This shows β is described as in (8) for A ∈ Aut L,θ .
Conversely, take A ∈ Aut L,θ and a triple (L, θ, α). Put
In the rest of this section, we will study elements in each sets corresponding to the identity elements in Galois cohomology. Such elements are called quasi-split (see Remark 2.4).
) . An element of gc n , orb n , ciq n is called quasi-split if the corresponding element in hec n is quasi-split.
Remark 2.4. In [BG] , quasi-split objects in orb n are called distinguished orbits. And in [Skor2] , quasi-split objects in gc 5 are called quasi-split del Pezzo surfaces (see next section).
A triple (L, θ, α) ∈ gc n is quasi-split if and .14) . From this, we obtain the following corollary.
) → ciq n be the map defined in the beginning of this section. For a quasi-split element [X] ∈ ciq n , we have i
What is a characterization of quasi-split objects in orb n , ciq n ? By the bijection we constructed, (L, θ, 1 L ) ∈ gc n maps to (L, kt θ + kθ · t θ ) ∈ orb n . By definition of t θ , the pencil of quadratic forms corresponding to (L, kt θ + kθ · t θ ) has a common isotropic k-subspace of dimension m,
because for any u, v ∈ L m−1 and a, b ∈ k, (a + bθ)uv is a polynomial in θ of degree ≤ 2m − 1 = n − 2, and hence θ * n−1 ((a + bθ)uv) = 0. Indeed, this property characterizes the quasi-split objects in orb n .
Proposition 2.6. Let w = α · t θ ∈ Sym 2 L * be a nondegenerate quadratic form on L. Assume that there exists an m-dimensional k-subspace M of L which is isotropic for w and θ · w.
Proof. First, we prove the following lemma:
Proof. By assumption, ℓ 2 · w and
for some a ∈ k. By Lemma 1.10, we deduce αℓ 2 = a. Since L is anétale k-algebra and ℓ = 0, we have ℓ 2 = 0. And since w is nondegenerate, we also obtain α ∈ L × . Hence αℓ
Since {θ i } 0≤i≤n−1 is linearly independent over k and ℓ ∈ L × , {ℓθ i } 0≤i≤n−1 is linearly independent over k. By comparing dimensions,
and the elements {ℓθ i } 0≤i≤m−1 form a basis of M.
By this lemma, we have only to show there exists an element ℓ ∈ M satisfying the assumption of Lemma 2.7.
Before discussion, we prepare some notation. For a k-subspace N ⊂ L, we write the orthogonal complement of N with respect to w by
Also we put aN := {an | n ∈ N} for a ∈ L. By assumption, M ⊥ contains M and θM. Next consider the k-linear map θ× : M → θM defined by x → θx. Assume ker(θ×) = 0 and take a non-zero element ℓ ′ ∈ ker(θ×). Then, ℓ ′ satisfies the condition of ℓ in Lemma 2.7. But ℓ ′ ∈ L × because θℓ ′ = 0, and we get a contradiction. Therefore, ker(θ×) = 0 and M is isomorphic to θM via the map θ × .
If it is proved, dim k M m−1 ≥ 1, and a non-zero element ℓ ∈ M m−1 satisfies the assumption of Lemma 2.7.
As a first step, we have dim k M ⊥ = m + 1 because w is nondegenerate and n = 2m + 1.
By induction, we may assume dim k M i = m − i (i ≤ j) for some j ≥ 1. The space M j−1 contains M j and θM j , and we observe M j ∩ θM j = M j+1 . As above, we conclude
So we may assume dim k M j = m − j − 1, and the induction proceeds.
To summarize, we have the following theorem.
Theorem 2.8. An element in orb n is quasi-split if and only if the pencil of quadratic forms W ⊂ Sym 2 V * corresponding to it has a common isotropic m-dimensional k-subspace of dimension m. An element [X] ∈ ciq n is quasi-split if and only if X contains a linear k-subvariety isomorphic to P m−1 k . Corollary 2.9. We fix a reduced n points subscheme S of P 1 k . There is a unique projective equivalence class of nonsingular complete intersection of two quadrics X in P n−1 k satisfying the following properties.
• The characteristic scheme X is projectively equivalent to S.
• The variety X contains a linear k-subvariety isomorphic to P m−1 k . Theorem 2.8 and Corollary 2.9 finish the proof of Theorem 0.1 because quasi-split objects in ciq n can be written as i C (0) for some C.
Finally, we shall show Theorem 0.3.
) be the connecting homomorphism in Galois cohomology. Let [X] ∈ ciq n be an element contained in the image of the composite map i C • δ for some C. Then the variety X contains a linear k-subvariety isomorphic to P
Proof. In the following, we use the results ion the Jacobian variety of a hyperelliptic curve summarized in Bruin-Flynn's paper ( [BF, Section5] ). Take an element D ∈ J C (k). The divisor class D is represented by a divisor of the following form
Then via the composite w C • δ, where w C is the map in Proposition 1.14, the element
(In fact, in [BF] , Bruin and Flynn use another group ker (
But it is easy to justify our argument using the isomorphism
Here we use the assumption that [L : k] = n is odd.) Clearly,
Remark 2.11. Theorem 2.10 only gives a necessary condition for an element [X] ∈ ciq n to be in the image of i C • δ. This is not a sufficient condition.
3 Examples 3.1 Case for n = 3: Four points subschemes of P 2 k This case is well-known. The nonsingular complete intersections of two quadrics in P 2 k are four points subschemes of P 2 k in general position (i.e. no three points are geometrically collinear). From Proposition 1.2, we can check the converse is true. In fact, if one takes a four points k-subscheme of P 2 k in general position, we can regard four points are [1 : ±1 : ±1] in some coordinate system over k s . So quadrics through such four points consist a twodimensional subspace of Sym 2 k 3 . This shows four points subschemes of P 2 k in general position are nonsingular complete intersections of two quadrics in P 2 k . We say two four points subschemes X, Y ⊂ P 2 k are projectively equivalent if there exists an automorphism of P 2 k over k sending X to Y. In conclusion, we obtain: Proposition 3.1. There is a bijection between projective equivalence classes of four points k-subschemes of P 2 k in general position and projective equivalence classes of nonsingular pencils of quadratic forms in Sym 2 k 3 .
A four points subscheme of P 2 k is quasi-split if and only if it contains a k-rational point.
Case for n = 5: del Pezzo surfaces of degree four
We recall the definition of del Pezzo surfaces and some properties of them. For more details, see [Dolg] for example. A del Pezzo surface over k is a nonsingular projective surface X over k with ample anticanonical divisor −K X . Its degree is the self-intersection number (−K X ) 2 . From now on, we concentrate on the case of degree four.
Let X be a del Pezzo surface of degree four over k. We know that V = H 0 (X, −K X ) is a five-dimensional k-vector space, and X is realized as a nonsingular complete intersection of two quadrics in P(V ) ∼ = P Furthermore, the kernel of the map
is a two-dimensional k-vector space [Dolg] . Hence the set of isomorphism classes of del Pezzo surfaces of degree four can be identified with the set of projective equivalence classes of pencils of quadrics Φ in P 4 k . This shows ciq 5 coincides with the set of isomorphism classes of del Pezzo surfaces of degree four over k. So we conclude: Proposition 3.2. There is a bijection between isomorphism classes of del Pezzo surfaces of degree four over k and projective equivalence classes of nonsingular pencils of quadratic forms in Sym 2 k 5 .
A del Pezzo surface of degree four X is called quasi-split when it contains a k-line. In [Skor2] , Skorobogatov showed that a del Pezzo surface of degree four X defined over k is quasi-split if and only if X is isomorphic to the blow-up of P 2 k at a five points subscheme defined over k.
In [Skor2, Section 2], Skorobogatov gives a bijection between isomorphism classes of del Pezzo surfaces of degree four over k and another set: pairs of projective equivalence classes of five points schemes S ⊂ P 1 k and elements λ ∈ H 1 (G k , Res L/k µ 2 /∆(µ 2 )) where L = H 0 (S, O S ). We write this set as gc ′ 5 . In his bijection, a pair (S, λ) corresponds to
where θ ∈ L is the image of t ∈ H 0 (P 1 k , O(∞)) via the homomorphism in (6). As we have seen, the isomorphism class of this variety X corresponds to (L, θ, λ) ∈ gc 5 . Hence we have a bijection between gc 5 and gc ′ 5 . If (L, θ, λ) ∈ gc 5 corresponds to (S, λ) ∈ gc ′ 5 , S is the characteristic scheme of (L, θ, λ). Our bijection is compatible with Skorobogatov's bijection in this way. In particular, quasi-split del Pezzo surfaces of degree four in [Skor2] corresponds to quasi-split objects.
